Abstract: Graphene is an ultimate membrane that mixes both flexibility and mechanical strength, together with many other remarkable properties. A good knowledge of the elastic properties of graphene is prerequisite to any practical application of it in nanoscopic devices. Although this two-dimensional material is only one atom thick, continuous-medium elasticity can be applied as long as the deformations vary slowly on the atomic scale and provided suitable parameters are used. The present paper aims to be a critical review on this topic that does not assume a specific pre-knowledge of graphene physics. The basis for the paper is the classical Kirchhoff-Love plate theory. It demands a few parameters that can be addressed from many points of view and fitted to independent experimental data. The parameters can also be estimated by electronic structure calculations. Although coming from diverse backgrounds, most of the available data provide a rather coherent picture that gives a good degree of confidence in the classical description of graphene elasticity. The theory can than be used to estimate, e.g., the buckling limit of graphene bound to a substrate. It can also predict the size above which a scrolled graphene sheet will never spontaneously unroll in free space.
Introduction
According to the European project called GRAPHENE Flagship (http://graphene-flagship.eu/), graphene and related systems are expected to give rise to new materials and devices for information and communications technology, energy saving, and human health improvement at the horizon 2020. This technological revolution will take time: the main applications of graphene are still several years from now. From a strict fundamental point of view, graphene is a two-dimensional material whose crystalline order cannot survive in free space at the thermodynamic limit (lateral dimensions → ∞) [1] . Both electron diffraction experiments [2] and atomistic calculations [3, 4] demonstrate indeed that suspended graphene ripples spontaneously, with typical lateral size between 5 and 10 nm. The situation changes when graphene is deposited on a solid surface, thanks to the interaction with the substrate. Graphite is the best illustration of this effect: its topmost (0001) atomic plane can be very flat, as demonstrated by numerous STM topographical images of highly ordered pyrolytic graphite. However, viewing graphene as a perfect flat sheet on a substrate device can be far from reality [5] .
In graphene-based devices, mechanical stress is almost unavoidable. For some applications, this fact cannot be ignored: strain has indeed direct effects on the electronic properties of graphene [6, 7] . These effects may become an advantage when used to tailor the transport [8] or other properties. After transfer to a substrate like SiO 2 , graphene deformation may become important when there is a large amount of excess material. Wrinkles and folds then form locally [9] , which impact the transport properties [5] . Strain also affects the Raman spectra of graphene [10] , which is not without consequence given the fact that Raman spectroscopy is widely used in this context as characterization tool. In return, the change of the Raman spectrum induced by strain can be used to measure its characteristics [11, 12] , provided a quantitative theory of the Raman cross section be available [13, 14] . These examples demonstrate how important it is to understand, measure and control the deformation of a graphene overlayer.
Numerous theoretical calculations, either based on empirical potential or on sophisticated ab-initio methods, have been-and still are-performed to study the mechanical properties of graphene (see Section 4 and reference herein). In parallel, continuous-medium elasticity is applied either to predict or to interpret results of measurements or of computer simulations. It is interesting to point out that many applications of elasticity to graphene and related nanostructures published in the literature are based on the Euler beam theory. The later demands macroscopic parameters such as the thickness of graphene, which is an ambiguous concept [15] . Plate theory is more appropriate to graphene and can be formulated in such a way that it relies on parameters that, non only have a sound physical ground [16] , but also can be measured or calculated. Getting the best set of parameters is difficult, however, and far from being completed. On the one hand, experimental measurements of the elastic response of nanostructures by nanomechanics is still challenging (see Section 5) . On the other hand, "virtual experiments" performed on the computer may lead to scattered data owing to the shape, size and boundary conditions applied to the sample [17] .
The present paper aims at formulating the problem of elasticity of graphene within the well-established Kichhoff-Love plate theory, with a clear definition of the few elastic constants it relies on. Without targeting exhaustivity, a critical review of measured and calculated elastic constants is presented. The main result of this review is a comparative table of available data (see Table 1 ). On this ground, the theory is applied to address the question of stability of graphene upon buckling when it is bound to a flat substrate. A last application is devoted to scrolled graphene, a form that may rapidly becomes more stable than a flat sheet in free space. In any case, one should not forget that continuous-medium elasticity-especially in its linear approximation-has its limits. It is not surprising, then, that breakdown of elasticity has been reported in several instances [18] . The possibility that C has to make bonds of different orders confers to graphene remarkable properties under mechanical deformation [3] , including phase transformation [19] . These questions can only been addressed by atomistic calculations. 
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Equation (1) relies on five independent elastic constants. Two sets of experimental values of the elastic constants of graphite are compared in Table 2 . The older data set [45] was obtained by ultrasonic, sonic resonance, and static test methods applied to pyrolytic graphite. The more recent data set [20] was deduced from the dispersion curves of acoustic phonons of single-crystalline graphite measured by inelastic X-ray scattering experiments. The authors of Reference [20] conclude that, although poorly defined, the C 13 constant is quite close to zero. Adopting this conclusion as a simplifying assumption allows one to separate Equation (1) in two independent blocks governing the in-plane and out-of-plane components, respectively, of the stress and strain tensors. Let us consider a plate of graphite with (0001) free surfaces and arbitrary thickness h and integrate the in-plane block of Hooke's law over the thickness of the plate. One then obtains constitutive relations between tension components acting on the sides of the plate (γ = hσ, N/m) and strain components (ϵ)
where A is the extensional stiffness (N/m) and ν is the in-plane Poisson coefficient. These expressions are valid in any orthogonal basis set tangent to the plate. For some applications, it will be useful to cast the third relation of Equation (2) in the form
where g is the in-plane shear stiffness. Equation (2) is the basis of Kirchhoff-Love linear theory of elastic isotropic plates (see e.g., Reference [39] ). When the plate experiences a uniaxial tension γ (say γ 11 = γ, γ 22 = 0), the component ϵ of the strain along the stress direction fulfills the elementary Hooke's law
where C (N/m), which will be called in-plane stiffness constant, plays the same role as the Young modulus does for a macroscopic 3D object. In some cases, it is more easy to measure or to calculate C than A. In Kirchhoff-Love theory, the elastic strain energy accumulated in the plate subject to in-plane deformation is [46] 
knowing that the strain tensor is related to the in-plane displacement field ⃗ u by the usual definition that, in Cartesian coordinates, writes [16] 
The last term may be neglected when ⃗ u varies slowly with coordinates. The bending energy takes a similar expression as the strain energy [47] 
where D is the bending stiffness or flexural rigidity (J) of the plate, κ is the two-dimensional curvature tensor, and ν ′ is the same Poisson coefficient ν as in Equation (5) (see below). For small deformations,
where ζ is the mid-surface displacement of the plate with respect to its planar equilibrium shape.
Equations (5) and (7) could simply follow by assuming that the energy is a quadratic form of the deformation (linear-response theory) that must involve invariant scalar expressions of the rank-2 tensors γ and κ due to the assumed in-plane isotropy. The hypothesis will now be made that Equations (5)- (7) remain valid for one-atom thick graphene, provided suitable elastic constants are used. From now on, A, D, ν, and ν ′ will be assumed to be independent elastic constants, which they are not in the traditional plate theory. In the way this theory was derived, A = hC 11 , ν = C 12 /C 11 = ν ′ , and D = Ah 2 /12. For graphene, one cannot rely on expressions that involve the thickness h, which is ill defined (see Table 2 in Reference [48] ). More precisely stated [47] , the thickness for extensional deformation of graphene (mostly controlled by the response of the σ bonds) cannot be the same as the one for bending (the flexural rigidity comes chiefly from the π orbitals). Extending the reasoning a step further, there is no reason on why the same Poisson coefficient should take part in both Equations (5) and (7) for graphene. This is the reason why Equation (7) was written with ν ′ instead of ν. A generalization of Equation (7) exists in membrane theory where a new bending constant independent of D, the so-called Gaussian curvature modulus, is substituted for the prefactor
. The applications that follow are not sensitive to this refinement, because for all of them deal with deformations of graphene for which the Gaussian curvature dtm κ is zero.
Teachings of Phonon Dispersion Laws
The first measurements, by high-resolution electron-energy-loss spectroscopy (HREELS), of phonon dispersion curves of graphene on various substrates date back to the years 1980's (see Reference [49] for a review). The elastic properties of graphene can be obtained from phonon dispersion measurements [21] . The dispersion curves of acoustic phonons in graphene are indeed directly related to its elastic constants and to its mass per unit area µ. The later parameter is a well-defined quantity, which we take as 0.761 mg/m 2 (lattice parameter a = 0.246 nm). The long-wavelength velocities of the longitudinal acoustic (LA) and transverse acoustic (TA) phonons, whose polarization lies inside the graphene plane, can be derived from Equation (5) as follows. The flat plate is supposed to be deformed by a two-dimensional wave ⃗ u whose polarization is parallel to the plate. A small perturbation δ⃗ u of the wave changes the strain energy by a small quantity that, to first order in the perturbation, can be identified with a virtual work δE s = − ∫ ∫ ⃗ F · δ⃗ u dS. Here, ⃗ F is the restoring elastic force per area unit. Equation (5) together with Equation (6) cleaned from its nonlinear term yield
where A and g are the extensional stiffness and the in-plane shear stiffness, respectively, introduced above. With that expression, Newton's law µdS⃗ u = ⃗ F dS takes the form of a wave equation for ⃗ u. That equation can further be separated in longitudinal ( ⃗ ∇ × ⃗ u = 0) and transverse ( ⃗ ∇ · ⃗ u = 0) components, with respective phase velocities
These in-plane elastic wave velocities can be obtained by measuring the slope of the LA and TA phonons at the Γ point. In complement to the work of Reference [21] , based on HREELS measurements of the phonon dispersion in CVD (chemical vapor deposition) graphene on Pt(111), two approaches have been followed hereafter. First, a semi-empirical phonon band structure of graphene [22] based on force constants fitted to experimental inelastic X-ray scattering data of graphite [50] . Second, a theoretical ab-initio phonon band structure of graphene obtained by GW-DFT [23] . The elastic wave velocities obtained by these two approaches are compared in Table 3 . Table 3 . Slopes c t and c l of the TA and LA phonons of graphene at the Γ point and quadratic coefficient α of the ZA phonon. ab-initio calculations [23] Out-of plane oscillations of an elastic plate lead to flexural waves. In a similar way as for Equation (9), virtual-work theory can be used to deduce the expression of the elastic forces from the bending energy (Equation (7)) of the plate. For the particular case of a plane wave with small amplitude ζ(x, t) traveling along an arbitrary direction x, the flexural-wave equation is
which imposes a quadratic dispersion relation ω ZA = αk 2 versus wave vector k, with α = √ D/µ. Parabolic fitting of the dispersion curve of the out-of-plane acoustical (ZA) phonon of graphene close to the Γ point gives the values listed in Table 3 for the band structures referred to above. From the data of Table 3 , the elastic parameter A, g, and D can be obtained. Their values are listed in Table 1 .
The radial breathing mode (RBM) of single-walled carbon nanotubes (SWNT) provides us with important piece of information on the elastic properties of the rolled-up graphene sheet. Its real advantage is that it can be measured accurately in resonant Raman spectroscopy. In cylindrical geometry, the x 1 and x 2 directions referred to in Equation (5) can be taken along the local circumferential and the axial directions of the tube, respectively. The RBM modifies the radius by a periodic variation δR that strains the nanotube along its circumference, without changing its length and shape. One can therefore set ϵ 11 = δR/R, ϵ 22 = ϵ 12 = 0 in Equation (5) . Accordingly, energy conservation applied to a portion of length L of the nanotube yields
By analogy with the expression of the total energy of an harmonic oscillator, the frequency of the RBM can be deduced: ω RBM = c l /R where c l is the in-plane longitudinal wave velocity given by Equation ( Table 1 .
Results of Calculations
The calculation of elastic constants of graphene by empirical force-field method and ab-initio technique often proceeds via total-energy calculation of deformed graphene and fitting of the results with Equations (5) or (7). The first calculations date back to the period that followed the discovery of carbon nanotubes [24, 33] . According to Equation (5) a longitudinal tensile or compressive axial strain ϵ increases the energy of a single-walled nanotube by ∆E/S = (C/2)ϵ 2 where C is the stiffness constant (Equation (4)) and S is the lateral surface of the rolled up graphene sheet [30] . At that time, graphene was considered by reference with the limiting case of infinite tube radius. Non-orthogonal tight-binding calculations yielded C = 410 N/m [30] , slightly more than the results of pseudopotential LDA calculations, C = 370 N/m (60 eV/atom) [36] . Since then, there have been many atomistic calculations specifically devoted to the elastic properties of graphene [28] . The results depend on the specific microscopic model used (see Table 1 ) and on the type of boundary conditions applied [17] . When calculations are performed on a finite-size graphene sample, the Young modulus is found to be size dependent: below 3nm, the Young modulus decreases by ∼10% per each nm reduction [55] . Total-energy calculations of graphene also gives access to the two-dimensional bulk modulus B through the relation ∆E = (B/2) (∆S/S) 2 , with ∆S the change of the unit-cell area S obtained by an assumed hydrostatic tension. According to Equation (5), B = A(1 + ν)/2. Published values of B computed by empirical potentials are 200 N/m, typically [27, 28] , whereas ab-initio VASP calculations yield B = 180 N/m [19] . The in-plane shear stiffness g can be calculated directly from its definition (Equation (3)). To obtain this parameter, a rectangular unit cell of graphene with zigzag and armchair edges is deformed by in-plane shear tensions applied along the four edges. (Note: The honeycomb structure of graphene has two special directions, orthogonal to each other, qualified as zigzag and armchair. These names come from the shape of the chains of first-neighbor C atoms aligned along these directions. In Figure 1 , the tension γ is applied on zigzag edges and is parallel to the armchair direction.) The AMBER molecular mechanics model yields g = 122 N/m [29] . Alternatively, a parabolic fit of the strain energy ∆E/S = (g/2) β 2 versus the shear angle β can be used to obtain g. First-generation Brenner potential
gives g = 83 N/m [15, 25] . Some authors apply a shear along two opposite edges, letting the other two edges free while preventing the free rotation of the graphene sheet [56] . The shear stiffness calculated in this way depends strongly on whether the shear is applied along the zigzag or the armchair edges [28, 56] . Figure 1 . Geometry of buckling for a graphene ribbon of width l physisorbed on a substrate at the equilibrium distance z 0 . The two edges of the ribbon, supposed to be clamped, are submitted to a normal tension γ uniformly distributed along the length.
The nanotubes are ideal objects to deal with for calculating the bending stiffness D of graphene. According to Equation (7), rolling up a sheet of graphene for making a nanotube of radius R costs an elastic energy ∆E/S = (D/2) R −2 [24, 33] . This penalty is offset by the covalent bonds closing the lateral surface of the tube [57] . Typically, the value of D obtained is 1.6 eV (see Table 1 ). It is interesting to observe in Table 1 that the elastic constants of graphene calculated with the widely-used Brenner bond-order potential [25] deviate significantly from tight-binding and DFT data. The contribution of dihedral angles in the bond-order coefficient of the interatomic potential of the second generation [58] , not present in the original formulation [59] , raises the bending stiffness D from 0.8 to 1.4 eV [26] .
Experimental Nanomechanical Measurements
It is virtually impossible to measure the elastic constants of a single layer graphene via a direct tensile test experiment. One has to proceed indirectly, e.g., by measuring the response of graphene to bending or to torsion.
Reference [42] reports on the frequency shift of a torsional eigenmode of a mechanical oscillator upon deposition of a graphene monolayer on an area called "the neck". The frequency shift traduces a modification of the torsional rigidity of the oscillator due to the addition of graphene. The torsional rigidity depends on the shear modulus G of the material (Si) the oscillator is made of and on the shear stiffness g of the graphene overlayer. The relative change of resonance frequency is [42] ∆f f = 3gθ 2Gt (13) where t is the thickness of the device (0.3 mm), θ is the fraction of the neck surface covered by graphene and determined by microscopy. Although of the order of 10 −5 , ∆f /f can be measured, which leads to the value of g given in Table 1 . Almost all the published experimental measurements of the Young modulus of graphene are based on AFM nano-indentation realized at the center of graphene suspended above a trench [60, 61] or a hole [43, 62] . Measuring the slope of the load-displacement curve gives access to the elastic constants of graphene. However, there is always some in-plane residual tension γ r in the deposited graphene layer, which introduces an additional parameter to be fitted along with the elastic constants [60] . For the case of a clamped circular membrane of radius R loaded by a central point force F , Lee et al. [62] proposed the following load-displacement behavior
where C is the in-plane stiffness constant (Equation (4)) and δ is the AFM tip displacement. Unfortunately, the numerical constant 1.06 depends on the Poisson ratio ν, making the determination of C dependent on the adopted value of ν (taken as 0.165 in Reference [62] ). The most recent measured stiffness constant C of graphene is C = 330 ± 15 N/m, irrespective of whether the sample is pristine (exfoliated), large-grain or small grain CVD materials [43] . It has been confirmed by molecular dynamics that the presence of grain boundaries does not reduce significantly the value of C compared to perfect graphene [63] [64] [65] . However, the mechanical strength (mechanical tension leading to fracture) of samples with average grain sizes 1-5 m is smaller that that of single-crystal graphene, but still retains 85% of the strength of a defect-free sample (33 N/m against 34.5 N/m) [43] .
Buckling Instability
Buckling will be illustrated here for the case of a graphene ribbon physisorbed on a flat substrate, see Figure 1 . The equations will be derived by assuming a double-clamp geometry and uniform loads applied along the width l of the ribbon, chosen as x direction. The graphene-substrate interaction potential per unit area is denoted by V . In the continuous medium approximation used throughout this paper, there is no atomic corrugation, with the result that V is a function of the height z above the substrate only. Polymers are well beyond the framework of this approach. They present complex, possibly wavy, surface structures that may influence the geometrical shape of the of the adsorbed graphene depending on the interfacial energy [46] . Investigating the mechanical property of a polymer/graphene interface, where the polymer chains can change their geometry to accommodate the deposited graphene layer, requires sophisticated atomistic calculations [66, 67] .
For small load, the ribbon accumulates strain energy. Once buckling has taken place, strain becomes negligible compared to bending. The total energy per unit length, including the work done by the external tension γ [68, 69] , is
with ds a length element along the width of the deformed ribbon, κ is the local curvature (see Equation (7)), and δl is the shortening of the distance between the anchor points of the forces (see Figure 1 ). The expression in the most right-hand side of Equation (15) is an approximation valid for small values of the deformation ζ = z − z 0 (see Equation (8)), z 0 being the equilibrium distance of the graphene plane above the substrate surface, and K is the second derivative of V (z) at z 0 . The deformation ζ is the one that minimizes the energy W . The Euler-Lagrange equation derived from the right-hand side of Equation (15) is the fourth-order differential equation
whose boundary conditions are either imposed values of ζ and dζ/dx at x = 0 and x = l or periodic boundary conditions for ζ and its first three derivatives over the interval l. The critical load is the smallest value of the tension γ for which Equation (16) admits a non trivial solution. In free space (K = 0), a non-zero solution for the double-clamp geometry exists when γ reaches the critical value 4π 2 D/l 2 [16, 70] . This solution, ζ(x) = A sin 2 (πx/l), has even symmetry with respect to mid width.
The shape of the buckled sheet of graphene is illustrated in Figure 1 . When K ̸ = 0, still for the double-clamp geometry of a graphene ribbon of width l (Figure 1 ), non-trivial solutions of Equation (16) Figure 2 , where the two curves correspond to the "ground state" solutions of Equation (16) that are symmetric and antisymmetric, respectively, with respect to the mid point between the two edges. In both cases, the substrate interaction stabilizes the ribbon against buckling. Interestingly, the difference between the critical tensions for the even and odd symmetries, which is important in the absence of substrate (K = 0), rapidly dims as the force constant of the substrate interaction increases. In some ranges of the parameters, the critical load for the antisymmetric solution comes below the one of the symmetric mode. In the abscissa interval [0. becomes almost independent of the ribbon width l, at least in this range of parameter. As shown in Figure 2 , the curve γ = 2 √ DK underestimates by ∼10% the critical load and is indeed independent on the ribbon width.
To estimate the force constant K of the interaction potential, one may again have recourse to phonon dispersion curves. When the graphene plane is bound to a medium by an assumed harmonic potential, the flexural wave equation introduced here above for a free-standing plate (Equation (11)) is modified in
The effects of the restoring force −Kζ imposed by the substrate is to shift the square of the flexural wave frequency ω 2 by the quantity K/µ. In other words, the frequency of the ZA phonon of graphene at the Γ point is raised from 0 to √ K/µ when it is adsorbed on a substrate. Ab-initio calculations of the phonon band structure of graphene bound to several metallic surfaces are available [71, 72] , making it possible to evaluate the force constant K. Results are given in Table 4 . The specificity of Cu as substrate for CVD growth of graphene is immediately perceived from the low value of K it leads to. Not only is the force constant weak for graphene on Cu(111), but also the adhesion energy is small: 68 meV/atom according to recent RPA calculations [73] or 120 meV/atom according to nano-mechanical measurement [74] . The force constant for the interaction of graphene on SiO 2 has been deduced from semi-empirical energy calculations of the interface adhesion energy of graphene and few-layer graphite [75] . For graphene on graphite and for graphene on h-BN, the force constant K listed in Table 4 has been obtained by the method described in the Appendix. Under special preparation techniques, such as liquid exfoliation of graphite, graphene can be strained. A compressive strain may lead to a periodic buckling of the sheet, which will therefore present a regular pattern of ripples. Equation (16) Table 4 . The wavelength of the rippled solution is given in the fifth column of the same table. Just before buckling, the strain of the graphene sheet can be estimated by Hooke's law (Equation (4)). The critical strain is therefore ϵ cr = 2 √ DK/C. This parameter is listed in the last column of Table 4 . Remarks that ϵ cr vanishes at the limit K → 0, which agrees with the instability of a self-supported 2D crystal [1] . It is interesting to point out that periodic, short-wavelength buckling have been observed by high-resolution transmission electron microscopy (TEM) in the top layer of a bi-layer graphite (λ = 0.64 nm) and in a folded graphene sheet near the folding edge (λ = 0.36 nm) [76] . The corresponding observed strains were 0.047 and 0.14, respectively. These values lie above the critical strain predicted for rippling graphene on graphite, 0.03 (see Table 4 ).
When graphene is produced by thermal CVD on a Cu foil, strain comes from the difference of the thermal expansion coefficients of graphene and its substrate. If the graphene overlayer is assumed to be pinned on the substrate, cooling down the graphene/Cu system from 1000 C to room temperature may lead to a uniform compressive strain ϵ of 2.2% [18] . This is very close to the estimated critical strain for rippling on Cu (see Table 4 ). In those parts of the surface where graphene is not bound to the substrate, ripples may form because of the disappearance of the restoring force from the substrate. Ripples have been observed on graphene suspended over nanotrenches on Cu(111) [18] . These nanotrenches have a width of 5 nm, typically, with length about 10 times bigger. It is interesting that the wavelength of the observed ripples is almost invariably 0.7 nm, the amplitude being ∼0.05nm. These observations cannot be explained by the classical theory of wrinkles that form in a stretched membrane strip with free edges [77] . This should not come as a real surprise. Ripples with wavelength at subnanometer scale are influenced by the atomic structure of graphene much more than by continuum mechanics rules [76] . Independent of all elastic properties, if the residual strain is locally released by ripples that develop above the suspended parts of graphene, then ϵ = (L − λ)/L [78] . In this relation, L is the length measured along the wavy shape of graphene whose projection corresponds to the measured wavelength λ. For a sine function with amplitude a, this expression takes the explicit form
where E(m) is the complete elliptic integral of the second kind (Equation 17.3.4 in [79] ). Accordingly, a strain of 2.2% yields a/λ = 0.048, about 2/3 of the observed ratio. The observed ratio would require a strain of 4.6%. The amplitude and wavelength predicted by atomistic calculations for graphene submitted to a 2.2% compressive edge strain are 0.35 nm and 6.58 nm, respectively [80] . The corresponding a/λ ratio is 0.053, close to what the above equation yields. However, the amplitude and wavelength of the ripples are an order of magnitude larger than the experimental values. Clearly, not everything is understood here. To close the discussion, it is instructive to remark that the tension 2Bϵ linked to a uniform strain of 2.2%, where B is the bulk modulus of graphene (see Section 4), is well above the ordinate at K = 0 of the full-line curve of Figure 2 . The graphene sheet should therefore buckle across the width of the trench, which is not observed experimentally. Possibly, the ripples that develop along the length of the trench increase considerably the bending stiffness of graphene in the transverse direction, preventing it to buckle, like in a macroscopic corrugated sheet.
A Buckling Mode of Non-Supported Graphene: Scrolling
Scrolling a sheet of graphene has a penalty, namely the elastic energy cost to bend the plane. By scrolling graphene, however, the interlayer van der Waals energy of graphite is recovered for these parts of the scrolled sheet that overlap. When the van der Waals interaction exceeds the elastic energy, the scrolled structure may be stable in free space [4] . The very same argument explains the formation of collapsed wrinkles and folds of graphene overlayer [5] . The scroll that should be favored is one for which the successive turns are parallel curves with a constant separation distance h equal to that of multiwall carbon nanotubes or turbostratic graphite. The involute of a circle has precisely this property. Its parametric equations are x = α(τ sinτ + cosτ ) and y = α(−τ cosτ + sinτ ) where τ is a continuous angular parameter and α = h/2π. Figure 3 illustrates the scroll. )/2 where τ 1 and τ 2 correspond to the inner and outer ends. The bending energy per unit depth along the z axis can be computed analytically from Equation (7) and set in the form
The inner part of the scroll that is surrounded by an outer layer is delimited by τ = τ 1 and τ = τ 2 − 2π. The total energy per unit depth is [4] Total energy per depth unit above that of flat graphene of a scrolled sheet such as displayed in Figure 3 as a function of the length of the overlapping part. The two curves correspond to a sheet of length l of 10 and 17 nm, respectively.
The necessary condition for scrolling is to obtain a negative value of that energy. Noticing that the elastic bending energy increases logarithmically with the length of the scroll, whereas the van der Waals energy increases linearly with l, one easily realizes that there is a minimum value of l above which the stability condition can be fulfilled. With the parameter set D = 1.6 eV and σ = 0.21 J/m 2 (35 meV/atom) calculated for turbostratic graphite [81] , one obtains l min = 13.5 nm. When the length exceeds that value, one has to minimize the total energy with respect to τ 1 and τ 2 , while keeping the length constant. The optimum parameters of the scroll are obtained thereby. Figure 4 shows the result obtained for a graphene sheet of length equal to 10 nm, for which the scroll is unstable, and for a sheet of length 17 nm, for which the scroll should be stable against unfolding. In the latter case, the optimum geometry corresponds to an overlap of 6.2 nm between the layers.
Nonlocal, Nonlinear and Temperature Effects
When the deformations vary on a length scale that is not much larger than atomic distances, it is possible to extend the domain of validity of elasticity by turning to a nonlocal response of the material [82] . In the particular case of graphene, nonlocal elasticity consists chiefly in replacing each component of the algebraic Hooke's law (Equation (2)) by a differential equation of the kind
(∆ is the Laplacian) and similar equations for γ 12 and γ 22 . In that relation, ξ is a non-locality parameter, which is of the order of the interatomic distances. For an unbounded graphene plane, a formal solution of Equation (20) writes
where K 0 is the modified Bessel function of the second kind and order 0. In nonlocal elasticity, the tension at the reference point (x 1 , x 2 ) depends on the strain field everywhere, the dependency decreasing exponentially with the distance to the reference point measured in units of ξ. When this theory is used to study in-plane elastic waves in graphene, the effect of non locality on Newton's law consists in the substitution of (1 − ξ 2 ∆)⃗ u for the acceleration⃗ u, without modification of the expression of the restoring elastic force (Equation (9)) [83] . As the result, the dispersion relation for plane waves now takes the form
with k the modulus of the two dimensional wave-vector, where the velocity c denotes c l or c t for the longitudinal or transverse modes, respectively, with expressions given by Equation (10) . The dispersion relation deviates from the strict linear form. When ξk is small, ω ≈ ck(1 − ξ 2 k 2 /2). This behavior is qualitatively correct in the sense that the LA and TA modes of graphene now have a negative dispersion (the phase velocity decreases with increasing k), as indeed observed experimentally [21] and by calculations [23] . If Equation (22) had to reproduce the experimentally-measured frequencies of the TA or LA phonons at the K point of the first Brillouin zone, ξ would take the values 0.044 or 0.077 nm, respectively. Should one want to fit the TA and LA frequencies at the M point, other values of ξ would be obtained. Not only the non-locality parameter depends on the wave polarization, also does it depend on the direction of the wave vector. In nonlocal elasticity, the equation for flexural waves is transformed along the same way as the one governing in-plane vibrations: the acceleration term in Equation (11) is replaced by
Accordingly, the dispersion relation of the out-of-plane wave now becomes ω ZA = αk 2 / √ 1 + ξ 2 k 2 with α = √ D/µ as before. A best fit over the first half of the ΓK line of the ZA phonon branch obtained by GW calculations [23] gives ξ = 0.052 nm. This value is intermediate between the values of ξ deduced from the TA and LA phonon dispersion. In any case, ξ is a small fraction of the CC distance, which raises question on its exact physical meaning.
Within nonlocal elasticity, one-dimensional out-of-plane deformations of graphene bound to a substrate (Equation (16)) are governed by the following equation [85, 86] 
Numerical calculations show that the buckling load is reduced compared to the predictions of local elasticity [86, 87] . However, this reduction is significant only for graphene ribbons with small width, of the order of ξ. This conclusion can readily be substantiated for the case of a self-supported graphene strip, by setting K=0 in the above equation. For a given applied compressive tension γ, the role of the non-locality parameter is to weaken the bending stiffness to D − ξ 2 γ. Accordingly, the critical load triggering the buckling mode illustrated in Figure 1 is
. Non locality has little effects as soon as l ≫ 2πξ ≈ 0.3 nm. The stability of physisorbed graphene is now briefly revisited in the light of nonlocal elasticity. A rippled solution of Equation (23) with wave vector k requires γ = Dk
The latter condition could possibly be fulfilled for the case of Co and Ni substrates, not for the other cases listed in Table 4 . For Cu and h-BN, a non-locality parameter ξ = 0.05 nm reduces the critical strain given in the last column of Table 4 by ∼ 5 × 10 −4 , which is negligible.
Besides non-locality, nonlinear contributions may be worth accounting for when the strain exceeds a few percents, which is not unrealistic in the case of graphene [62] . First of all, the last term in Equation (6) must be kept when dealing with a rapidly varying in-plane displacement field vectu. For strong bending, the simplified expression ∂ 2 ζ/∂x i ∂x j of the curvature tensor κ ij is no longer valid [16] .
Second, nonlinear Hooke's law should be used. For uniaxial tension, in particular, the elementary Hooke's law (Equation (4)) transforms into
The nonlinear response coefficient C 2 depend on elements of the second-and third-order elastic-constant tensors generated by Taylor expansion of the elastic energy versus strain [39] . Equation (24) is slightly anisotropic in the sense that the value of C 2 depends on the direction of the applied tension γ (C 2 = −670 N/m and −700 N/m in the zigzag and armchair directions, respectively, according to ab-initio calculations of Reference [28] ). It is worth to mention, however, that in nanoindentation experiments performed on graphene, the nonlinear coefficient C 2 plays a role in such a small fraction of the deformed graphene sheet that its overall effect can be ignored [62] . Temperature affects the elastic properties of any material. In graphene, thermal fluctuations of the out-of-plane displacements are important, at least in self-supported geometry [4] . In the harmonic approximation, the mean square displacement normal to the plane is [3, 55] 
where k B is the Boltzmann constant and S is the area of the sample. The root mean square displacement increases therefore like √ S and may become important in a large free-standing sample. In direct connection with the previous Section, atomistic simulations show that the transformation of a graphene nanoribbon into a nanoscroll may happen spontaneously at room temperature when the aspect ratio l/W is large, thanks to large-amplitude thermal fluctuations [4] . Molecular dynamics calculations show that ⟨ζ 2 ⟩ is not proportional to T , which means that the bending stiffness D is temperature dependent.
Indeed, D increases with temperature [3] . The other elastic constants of graphene also exhibit a peculiar temperature dependence according to atomistic calculations [27, 88] , although other molecular dynamical studies predict a normal monotonous decrease of the Young modulus with temperature [40, 89] 
Conclusions
The framework of this paper is a continuous-medium plate theory applied to elasticity of a graphene. This theory relies on a few elastic constants that remain well defined at the limit of an atomic monolayer. In particular, there is no need to assign a thickness to graphene. Values of the elastic constants taken from available published data, both theoretical and experimental, are listed in Table 1 . If one excludes the first row of this table (extrapolation of graphite bulk elastic constants to the monolayer limit) and the data deduced from Brenner potential that deviate significantly from other sources, a rather coherent picture emerges. A least-square fit of the values of the in-plane constants A, ν, C, and g under the constraints imposed by Equations (3) and (4), yields the value listed in the last row of Table 1 . Among them, the emblematic Young modulus-actually the in-plane stiffness constant, Equation 4-is C = 350 N/m. As for the flexural rigidity, the retained value D = 1.6 eV is the average of the tabulated data, excluding those coming from Brenner potential.
In the last sections of the paper, it has been shown that the interaction of graphene with its substrate strengthens it against buckling instability. When adsorbed on Cu, graphene can sustain a compressive strain slightly above 2% (last column of Table 4 ), and more on other substrates, without rippling. By comparison, an average compressive strain on the order of 0.5% was determined by Raman spectroscopy in graphene on Cu(111) [12] . Nonlocal generalization of Hooke's law has been shown to have little effects in graphene, except if the width of the sample is less than 1 nm or if the length scale of the deformation falls below the nanometer. In free space, flat graphene becomes unstable with increasing lateral dimensions. If a graphene sheet scrolls, it will not unroll spontaneously when its length exceed ∼13 nm.
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Appendix: Force Constant of the Girifalco Interaction Potential
In this appendix, the energetics of a graphene plane physisorbed on a layered crystal is developed on the basis of the Girifalco potential [90] . In the Girifalco approach, each carbon of the graphene interacts with the atomic planes of the substrate through a 6-12 Lennard-Jones potential C 12 /r 12 − C 6 /r 6 , the sums over the atomic pairs being replaced by integrals. The interaction of a C atom with a given atomic plane of the substrate at distance d is
The interaction of a C atom with a massive substrate follows by summing Equation (26) over an infinite set of planes parallel to the surface. Assuming a regular inter plane spacing h yields
where z is the distance of graphene above the surface and ζ s (x) = ∑ ∞ n=0 (x + n) −s is a generalized Riemann function (x > 0, s > 1). For a given substrate, when the parameters a and b are known together with the bulk interlayer spacing h, the adsorption distance z 0 of the graphene plane is obtained by minimizing Equation (27) . The force constant K (Table 4) of the interaction potential is the second derivative of V (z) at equilibrium, multiplied by the number N of C atoms per unit area in graphene.
To obtain the Grifalco parameters for graphite, Equation (27) is applied to a C atom located in the bulk, namely in between two semi-infinite multilayers, while setting z = h. In this geometry, the bulk energy per C atom writes E = B/10h 10 
0.343
For the case of graphene on BN, ab-initio RPA data of graphene on a single BN layer have been used [91] . In this reference, six positions of the graphene layer on top of the BN layer were considered while assuming a common parameter for the two hexagonal lattices. The average potential well and separation distance are 34.5 meV/atom and 0.345 nm, respectively. Fitting Equation (26) on these data leads to the parameters listed in Table A1 .
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